The Hopf insulator represents a topological state of matter that exists outside the conventional ten-fold way classification of topological insulators. Its topology is protected by a linking number invariant, which arises from the unique topology of knots in three dimensions. We predict that threedimensional arrays of driven, dipolar-interacting spins are a natural platform to experimentally realize the Hopf insulator. In particular, we demonstrate that certain terms within the dipolar interaction elegantly generate the requisite non-trivial topology, and that Floquet engineering can be used to optimize dipolar Hopf insulators with large gaps. Moreover, we show that the Hopf insulator's unconventional topology gives rise to a rich spectrum of edge mode behaviors, which can be directly probed in experiments. Finally, we present a detailed blueprint for realizing the Hopf insulator in lattice-trapped ultracold dipolar molecules; focusing on the example of 40 K 87 Rb, we provide quantitative evidence for near-term experimental feasibility.
Topological insulators (TIs) are materials that exhibit conducting surface states despite the presence of an insulating bulk [1] [2] [3] [4] [5] [6] [7] [8] . They are differentiated from conventional insulators by a non-zero topological invariant associated with their underlying spin-orbit-coupled band structure; moreover, their surface states are unusually robust to the detrimental effects of impurities. The last decade has seen a tremendous amount of progress focused on understanding and classifying these singleparticle phases of matter. In particular, the interplay between a system's symmetries and dimensionality leads to a rich landscape of topological insulators, whose organization was originally captured via the so-called ten-fold way classification [9, 10] . More recently, much excitement has turned to the exploration of topological insulators that exist outside this classification framework; notable examples include topological crystalline insulators [11] and higher-order topological insulators [12] . Here, we focus on another such example: the so-called Hopf insulator [13] [14] [15] [16] , which in its simplest incarnation is a threedimensional topologically nontrivial insulator with a single valence and conduction band. Crucially, this state exists in the absence of any symmetries, for which the ten-fold way classification would nominally predict only an ordinary insulator.
Unlike more conventional TIs, the Hopf insulator exhibits a linking number topological invariant, arising from the unique topology of knots in three dimensions and closely associated with the Hopf map of mathematics [13, 17] . This 'Hopf' invariant has enjoyed a recent resurgence of interest in condensed matter physics [13] [14] [15] [16] [18] [19] [20] [21] [22] [23] [24] . Despite such interest, experimentally realizing the Hopf insulator has remained an open challenge and even proposed implementation platforms (e.g. in either conventional quantum materials or cold atomic quantum simulators) remain few and far between [14] . The key challenges arise directly from the nature of the Hopf map. In particular, realizing the Hopf insulator rearXiv:1901.08597v1 [cond-mat.quant-gas] 24 Jan 2019 quires two essential ingredients: 1) the presence of longrange hoppings and 2) strong spin-orbit coupling, manifested in hoppings whose phase is spatially anisotropic.
In this Letter, we demonstrate that three-dimensional lattices of dipolar spins [25] [26] [27] [28] [29] [30] [31] provide an ideal platform to realize the Hopf insulator. Our main results are threefold. First, we show that combining the long-range dipolar interaction with Floquet engineering [32, 33] naturally leads to Hopf insulating band structures with large gaps 0.26 t (in units of the nearest-neighbor hopping t). In contrast to prior studies [34] [35] [36] , our approach relies upon the ∆ = ±1 angular-momentum-changing component of the dipolar interaction, which precisely induces the requisite spin-orbit coupling of the Hopf insulator [13] . Second, motivated by this construction, we provide an explicit experimental blueprint for realizing the Hopf insulator and probing its transport properties in lattice-trapped polar molecules [26, [37] [38] [39] [40] [41] [42] . This blueprint requires the use of circularly-polarized optical radiation and, as an example demonstrating quantitative feasibility, we provide the first detailed calculations of the relevant polarizabilities in the case of 40 K 87 Rb. Third, the direct experimental verification of the Hopf insulator is most simply achieved through spectroscopy of its gapless edge modes, which leads us to address a central open question regarding the phase: since the Hopf insulator is non-trivial only in two-band systems [13] , and the notion of bands is undefined at the edge (due to the breaking of translation invariance), to what extent are the Hopf insulator's edge modes truly topologically protected? Adiabatic arguments guarantee the protection of edge modes for sufficiently smooth boundaries [13] , but numerical results have shown that gapless edge modes persist even at sharp boundaries [13, 18] . We demonstrate that these 'sharp' edge modes are artifacts of an accidental symmetry, the same symmetry that was recently shown to stabilize the Hopf insulator even for multi-band systems [16] . Moreover, by varying the edge termination (keeping the same bulk Hamiltonian), we show that one can realize a number of qualitatively distinct edge spectra, and that the different spectra can be directly observed in experiments.
We begin by motivating the connection between the linking number interpretation of the Hopf invariant and the long-range spin-orbit coupling required for its physical realization. The former is most simply seen in a momentum-space representation of the Hopf insulator's two-band Bloch Hamiltonian, H(k) = n 0 (k)1 + n(k) · σ, where the Pauli matrices, σ, act on the 'pseudospin' degree of freedom that defines the two bands. In our proposed realization, the role of this pseudospin will be played by two sublattices A, B (Fig. 1) . This Hamiltonian is a map that takes vectors k in the Brillouin zone to pointsn on the Bloch sphere. Strikingly, in the Hopf insulator phase, the pre-images of any pair of Bloch sphere points are linked loops in the Brillouin zone [ Fig. 1(a) ]. 
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. Numerical evaluation of the Hopf invariant h (colored circles) and band gap Eg (black diamonds; in units of the nearest-neighbor hopping t) of the specified dipolar spin system across two phase transitions: (a) by tuning the chemical potential µ = µ A − µ B , and (b) by tuning the amplitude λ of the Floquet driving (where λ = 1 is optimal driving). The Hopf invariant is computed by discretizing momentum space as an N ×N ×N grid [13, 43] ; in the Hopf phase, the invariant converges quickly to unity as the discretization is made finer.
This leads to two observations, one which explains the need for long-range hoppings and the other which justifies the required form of spin-orbit coupling. First, the rapid variation in n(k) required for pre-image linking necessitates the presence of strong long-range hoppings, which contribute oscillations ∼ e ik·r to n(k) at a frequency proportional to their range r. Second, the requirement that all Bloch sphere pre-images link can naturally be met via an inter-sublattice hopping [ Fig. 1 (c)] with phase ∼ e iφ . Realizing the Hopf Insulator -Intuition in hand, we now turn to the setting of our proposed realization. We consider the following Hamiltonian:
where a † v,α creates a hard-core boson at lattice site v and sub-lattice α ∈ {A, B} (the single-particle nature of the Hopf insulator enables a hard-core bosonic realization). As expected,Ĥ consists of both intra-and inter-sublattice hoppings, t αβ r , as well as a sublatticedependent chemical potential µ α . While our approach is generic to dipolar interacting spins, for concreteness, we focus on an implementation using ultra-cold polar molecules trapped in a threedimensional optical lattice (Fig. 1) . Working in the deep lattice limit, we utilize the molecules' rotational degree of freedom as our hard-core bosonic excitation. These rotational states are governed by the Hamiltonian, H rot = ∆J 2 , where J is the angular momentum operator, with eigenstates, |J, m J [44] . While naturally organized into degenerate manifolds, these rotational eigenstates are split by both intrinsic hyperfine interactions and tunable extrinsic effects resulting from electric fields, magnetic fields and incident laser light [45] . Crucially, these extrinsic effects (which set the molecules' quanti- zation axis, i.e.ẑ in Fig. 1 ) enable a direct modulation of the rotational states' energies in both space (to distinguish between the A and B sublattices) and time (to implement Floquet engineering).
Focusing on the four lowest rotational eigenstates, we define two distinct hard-core bosonic degrees of freedom. On the A-sublattice we utilize {|0 A = |0, 0 A , |1 A = |1, 0 A }, while on the B-sublattice we utilize {|0 B = |0, 0 B , |1 B = |1, 1 B }, as illustrated in Fig. 1(d,e) . These hard-core bosons interact with one another via the dipolar interaction [46] :
where (R, θ, φ) parameterize the molecules' separation in spherical coordinates, d is the dipole moment operator, and we index the molecules by their unit cell and sublattice, i = v, α [47] . In our bosonic model, this gives rise to hoppings:
where C AA , C BB , and C AB are positive constants detailed in the supplementary information [43] . Crucially, our choice of rotational states ensures that the intersublattice hopping, t AB r , is induced solely by the ∆m J = ±1 term in H dd , which immediately gives rise (via the C 2 ±1 spherical harmonics) to a hopping phase ∼ e iφ ; as aforementioned, this naturally achieves the Hopf requirement that all Bloch sphere pre-images link.
A few remarks are in order. First, we will work in the regime where the dipolar interaction strength is significantly smaller than the energy splittings between the rotational states within the J = 1 manifold. Second, we will tune the splitting between the |0 A and |1 A states to be resonant with the |0 B and |1 B states. Conservation of energy then dictates that the dipolar interaction can only induce transitions within our prescribed hard-core bosonic doublets, i.e. either within a sublattice (t We utilize this Floquet engineering to two effects: first, to decrease 'odd' hoppings in the xy-plane (those with odd r x + r y ) [49] and second, to truncate the dipolar power-law in the z-direction [33] . Taking µ
and Ω xy Ω z allows the Floquet modulations to factorize as β r = β xy r β z r . To this end, one can independently apply the two desired effects by using a 'checkerboard' modulation in the xy-plane: µ xy v (Ω xy t) = (−1) vx+vy µ xy (Ω xy t), and a Floquet amplitude gradient along z: µ
. We now turn to a numerical exploration of the single particle bandstructures supported in our dipolar Floquet system. Working with the momentum-space Bloch Hamiltonian, we directly compute the Hopf invariant, h, from the Chern-Simons form:
µνλn · (∂ kνn × ∂ k λn ) represents the Berry curvature and A µ (k) its associated vector potential [13, 51] . By tuning the geometric and Floquet engineering parameters, we find transitions from topologically trivial bandstructures to the Hopf insulator and identify parameter regimes where the Hopf insulator's band gap can be as large as E g 0.26t, where t is the nearest-neighbor hopping strength (see Fig. 2 ).
Edge-modes of the dipolar Hopf insulator -In addition to its linking number invariant, the Hopf insulator's edge modes represent one of its key signatures, and crucially, one which can be experimentally probed. Up to now, these edge modes are only expected to appear at smooth boundaries compared to the lattice length, which act as a continuous variation of the momentum-space Hamiltonian H(k) across the edge region. In this case, the Hopf insulator's nontrivial topology requires a gap closing. Nevertheless, gapless edge modes have been observed numerically for 'sharp' edges (i.e. open boundary conditions) [13] and moreover, for the (001)-edge, were even shown to be robust to certain perturbations [18] . Recently [16] , it was realized that if the system obeys a certain crystalline symmetry,
where JJ * = −1, the Hopf insulator's classification can be stabilized to higher bands. Crucially, this symmetry is automatically satisfied in two band systems with J = σ y , and can generally be viewed as the composition of inversion and particle-hole symmetries.
Interestingly, we observe that the above symmetry is obeyed at the edge of a system with sharply-terminated open boundary conditions, suggesting that the robustness of the previously observed gapless edge modes may derive from this accidental crystalline symmetry [52] . Motivated by this, we solve for the (100)-edge modes of our dipolar Hopf insulator via exact diagonalization for three different edge terminations: sharp, sharp with a symmetry-breaking perturbation, and adiabatic. We observe three qualitatively distinct spectra [ Fig. 3(a-c) ]. The sharp edge hosts a Dirac cone, which is gapped upon the inclusion of a symmetry-breaking perturbation. Meanwhile, the adiabatic edge features a higher-order degeneracy. We conjecture this to be associated with a topological Hopf defect in the adiabatic Hamiltonian H(k; r): near such a defect, the eigenvector of H(k; r) varies as (k x + ik y , k z + im(r)) and exhibits a quadratic Experimental Implementation-We now provide a detailed blueprint for realizing the dipolar Hopf insulator using ultracold polar molecules. An explosion of recent experimental progress has led to the development of numerous possible molecular species [37, [53] [54] [55] [56] , but for concreteness (and to demonstrate that the requisite separation of energy scales can be quantitatively realized), here we focus on 40 K 87 Rb [37] [38] [39] [40] [41] [42] . Consider the geometry and rotational level diagram illustrated in Fig. 1 . The 3D optical lattice is generated using four pairs of counter propagating beams, two forming the xy-lattice and two forming the A and B sublattices in the z-direction [57] . The rotational states |1, 0 and |1, 1 of all molecules are first tuned to be approximately degenerate using applied DC electric and magnetic fields in the z-direction. We then break the degeneracy between the |1, 0 and |1, 1 states, as well as the sublattice symmetry between the A and B planes, by using different intensities of light to form each sublattice. Owing to the AC polarizibility of 40 K 87 Rb [58] , the lattice beams not only trap the molecules in the designated geometry, but also induce shifts in the molecules' rotational states proportional to the beams' intensities. The individual intensities, I A and I B , can therefore be tuned such that the transitions |1, 0 A ↔ |0, 0 A and |1, 1 B ↔ |0, 0 B are near-resonant with each other, yet off-resonant with all other transitions. Crucially, this scheme naturally leads to a separation of energy scales t δ ∆, where t is the dipolar interaction strength (∼100 Hz), δ is the splitting within the J = 1 manifold (∼5 kHz), and ∆ is the splitting between the J = 0 and J = 1 sectors (∼2 GHz).
Energy levels in hand, let us turn to the implementation of the Floquet modulations. To realize the xy-plane modulation, we can again rely upon the AC polarizibility, using an intensity-modulated standing wave to directly tune the molecules' energy levels non-uniformly in both space and time. Unfortunately, this method does not work for the z-gradient Floquet modulation: in addition to shifting the molecules' energy levels, light linearly polarized in the xy-plane would also induce mixing between rotational states, contaminating our desired hopping phase structure [59] . Rather, we propose to achieve the z-gradient Floquet modulation using a circularly-polarized beam tuned near, but off-resonant with, the 3 Π 0 + electronic excited state of 40 K 87 Rb. To this end, we perform calculations of the AC polarizabilities of 40 K 87 Rb with circularly-polarized light as a function of detuning from the b 3 Π 0 + state [top right inset, Fig. 3(d) ] using experimentally adjusted potential energy curves [60, 61] as well as electronic parallel and perpendicular polarizabilities [58] . For σ + light, the polarizabilities have poles at the resonant transition frequency to the excited J = 2 state [ Fig. 3(d) ], which allows the cor-responding energy shifts to be precisely controlled by the detuning over a large range [43] . Modulating the detuning [bottom right inset, Fig. 3(d) ] about resonance (as a step function, to avoid any resonance-induced decay), combined with the natural transverse spreading of the beam along its propagation axis [62] , precisely realizes the desired z-gradient Floquet modulation [63] .
The edge modes of the dipolar Hopf insulator can be probed experimentally via molecular gas microscopy [64, 65] . Here, a tightly-focused beam applied near the edge induces local differences in the molecules' rotational splittings, enabling one to spectroscopically address and excite individual dipolar spins. The extent to which such an excitation remains localized on the edge during subsequent dynamics can be read out using spin-resolved molecular gas microscopy [65] . Crucially, the width of the edge region, typically large due to a wide harmonic confining potential, can be tuned via a number of recently developed techniques, including: box potentials [66] , additional 'wall' potentials [67] , or optical tweezers [68] , allowing one to realize the three scenarios depicted in Fig. 3 . Looking forward, our proposal opens the door to a number of intriguing directions ranging from many-body generalizations of the Hopf insulator to novel realizations of hybrid Hopf-Chern insulators [15] .
(θ, φ) is the spherical harmonic of angular momentum quantum number 2 and magnetic quantum number −∆mJ , and T 2 ∆m J are the rank-2 spherical tensors generated from the molecules' dipole moment operatorsd (i) andd (j) , which change the total rotational magnetic quantum number by ∆mJ .
[48] We note that this energy constraint is what compels the approximate hard-core nature of our excitations.
[49] The motivation for this modulation is to increase the strength of next-nearest-neighbor hoppings (rx + ry = 2) relative to nearest-neighbor hoppings (rx + ry = 1).
[50] The temporal modulation profile provides a useful tuning parameter for β z r [43] . Moreover, by adding a sublatticedependence to µ z v , µ xy v , one can further control the hopping modulations [43] .
[51] In numerics, we truncate the long-range interaction to sites at most R unit cells away in each direction and check convergence as one increases the truncation range; we observe quantitative agreement for both the band gap and Hopf invariant within 1% for all 4 ≤ R ≤ 15. the dipolar Hopf insulator, we compute the pre-images of various points on the Bloch sphere undern(k), and confirm that each pre-image is linked with all others [see Fig. 1(a) ]. [52] To see why open boundary conditions obey such a symmetry, we note that such boundary conditions are equivalent to an infinite delta function potential barrier at the edge of the system, H edge = α σzδ(z), α = ∞, where σz acts on the sublattice degrees of freedom. In momentum space such a potential barrier induces real all-toall couplings between different kz-eigenstates, H k,k edge ∼ α σz δ kx,k x δ ky ,k y , which obeys the symmetry operation specified in Eqn. (5) . We conjecture that the robustness of the (001)- [18] and (100)-edge modes are artifacts of a similar stabilizing crystalline symmetry. Details of the Experimental Implementation 6
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EFFECTIVE HAMILTONIAN FROM THE DIPOLAR INTERACTION
We closely follow the discussion of Ref. [1] . The dipole-dipole interaction takes the form:
Here the displacement between lattice sites i and j, parameterized in spherical coordinates as (R, θ, φ). The dipole moment operator
+ ) is a rank-1 spherical tensor, which acts on the rotational states of the molecule at lattice site i = v, α and changes the molecule's magnetic quantum number by (−1, 0, +1). The spherical harmonics C 2 −∆m (θ, φ) have normalization according to Ref. [2] , and T 2 ∆m is the unique rank-2 spherical tensor generated from the dipole operators
When the dipole-dipole interaction is weak compared to the splitting between rotational levels, this interaction gives rise to an effective Hamiltonian in the restricted hard-core boson Hilbert space (introduced in the main text). The hoppings of this Hamiltonian are calculated as t ij = 0 i , 1 j | H ij dd |1 i , 0 j . Our choice |1 A = |1, M A = 0 and |1 B = |1, M B = 1 guarantees that only ∆m J = 0 terms will contribute to intra-sublattice hoppings, and only with static chemical potential
and hoppings suppressed by the 'damping coefficients',
Generally β αβ v+r,v can be complex. We will always choose f 
which may be different for inter-sublattice and intra-sublattice hoppings.
Floquet engineering the Hopf Hamiltonian
Two-component scheme
In our proposal, Floquet engineering is utilized to two distinct effects: i) to modulate the strength of even vs. odd hoppings in the x-and y-directions, and ii) to truncate hoppings in the z-direction from power law (the bare dipole-dipole interactions t αβ r ) to effectively nearest-neighbor. To do this we take the modulation amplitude to have two components that oscillate at different frequencies, 
